Analyzing PFG anisotropic anomalous diffusions by instantaneous signal
  attenuation method by Lin, Guoxing
 
 
Guoxing Lin, PFG signal attenuation of anisotropic anomalous diffusion    1 
 
Analyzing PFG anisotropic anomalous diffusions by instantaneous signal attenuation method 
Guoxing Lin* 
Carlson School of Chemistry and Biochemistry, Clark University, Worcester, MA 01610, USA 
 
Abstract 
 Anomalous diffusion has been investigated in many systems.  Pulsed field gradient (PFG)  anomalous 
diffusion is much more complicated than PFG normal diffusion.  There have been many theoretical and 
experimental studies for PFG isotropic anomalous diffusion, but there are very few theoretical treatments 
reported for anisotropic anomalous diffusion.  Currently, there is not a general PFG signal attenuation 
expression, which includes the finite gradient pulse effect and can treat all three types of anisotropic 
fractional diffusions, which can be classified by time derivative order α and space derivative order β as: 
general fractional diffusion  2,0   , time fractional diffusion  2,20   , and space-fractional 
diffusion  20,1   .   In this paper, the recently developed instantaneous signal attenuation (ISA) 
method was applied to obtain PFG signal attenuation expression for free and restricted anisotropic 
anomalous diffusion with two models: fractal derivative and fractional derivative models.  The obtained 
PFG signal attenuation expression for anisotropic anomalous diffusion can reduce to the reported result for 
PFG anisotropic normal diffusion when α = 1 and β = 2. The results can also reduce to reported PFG isotropic 
anomalous diffusion results obtained by effective phase shift diffusion equation method and instantaneous 
signal attenuation method.  For anisotropic space-fractional diffusion, the obtained result agrees with that 
obtained by the modified Bloch equation method.  Additionally, The PFG signal attenuation expressions for 
free and restricted anisotropic curvilinear diffusions were derived by the traditional method, the results of 
which agree with the PFG anisotropic fractional diffusion results based on the fractional derivative model.   
The powder pattern of PFG anisotropic diffusion was also discussed.   The results here improve our 
understanding of PFG anomalous diffusion, and provide new formalisms for PFG anisotropic anomalous 
diffusion in NMR and MRI.  
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1. Introduction  
Anomalous diffusion [1,2,3] can be found in many systems such as polymer or biological systems [4], 
porous materials [5,6], fractal geometries [7], micelle systems [8] and single-file structures [9,10].  Some 
anomalous diffusions could be modeled by time-space fractional diffusion equations with time derivative 
order α and space derivative order β, 2,0    [1, 2, 11 , 12 , 13 , 14 , 15 , 16 ]; α >1 corresponds to 
superdiffusion, while α < 1 is referred to as subdiffusion [1, 2].  There are three types of fractional diffusions: 
general fractional diffusion  2,0     , space-fractional diffusion  20,1    , and time-
fractional diffusion  2,20    [11-16].   Pulsed field gradient (PFG) [17,18,19,20,21] technique is 
important tool to monitor normal and anomalous diffusion.  There have been many experimental and 
theoretical studies of anomalous diffusion.  Some of these studies include Kӓrger et al.’s Gaussian phase 
distribution (GPD) approximation with autocorrelation function [22,23], the propagator representation [24], 
the short gradient pulse (SGP) approximation [25], the  stretched exponential models [26, 27], the modified 
Bloch equations [28 ,29 ,30 ], the log-normal distribution function [31 ], the recently developed effective 
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phase shift diffusion equation (EPSDE) method [16], the instantaneous signal attenuation (ISA) method 
[32], the modified GPD approximation method [33],  and the non-GPD approximation method [34].  These 
studies have yielded encouraging results for PFG isotropic anomalous diffusion in both free and restricted 
diffusion. Currently, there are the expressions for all three types of free isotropic diffusions 
[16,22,28,32,33,34].  Meanwhile, the PFG restricted anomalous diffusions inside plate, sphere and cylinder 
have been investigated [ 35 ]; an apparent anomalous diffusion coefficient 
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ScDtD fffappf has also been proposed for restricted diffusion [35].  Additionally, it is 
found that the conventional PFG methods such as the time-dependent diffusivities may not be sufficient in 
analyzing PFG anomalous diffusion, and the parameters associated with the degree of non-Gaussian 
behavior are more sensitive to ischemic changes than the apparent normal diffusion coefficient [36 ].  
Compared to the large amount of PFG isotropic diffusion studies, the progress in the research of anisotropic 
anomalous diffusion is slow. 
There are very limited studies on PFG anisotropic anomalous diffusion. In real materials, the 
anomalous diffusion could be anisotropic rather than isotropic.  The cause of anisotropic behavior for 
anomalous diffusion could be similar to that of anisotropic normal diffusion, which results from the physical 
arrangement or anisotropic restriction [21].  The anisotropic diffusion could be observed in many materials 
[37, 38, 39] such as stretched or compressed polymers, block polymers, liquid crystals, muscle cells, brain 
tissues and so on. Some of these anisotropic diffusions could be anomalous diffusions.  The conventional 
anisotropic normal diffusion formalisms may not be sufficient to analyze these anisotropic anomalous 
diffusions.  There are very few reported theoretical studies about anisotropic anomalous diffusion. These  
theoretical PFG anisotropic anomalous diffusion studies have been investigated by the modified Bloch 
equation methods [29,40,41]  Thus, it is necessary to develop some new treatments for PFG anisotropic 
anomalous diffusion.  
 In this paper, to address these challenges for PFG anisotropic anomalous diffusion, the recently 
developed instantaneous signal attenuation method [32] for isotropic anomalous diffusion was extended 
straightforwardly to analyze the PFG anisotropic fractional diffusion.  The ISA method is an intuitive 
method, and it has been applied to obtain two general PFG signal attenuation expressions for free isotropic 
anomalous diffusion: a stretched exponential attenuation 


  
t
f tdtKD 0 )(exp 1
  from the fractal derivative 
(defined in Appendix A.) model [16, 32] and a Mittag-Leffler function attenuation 


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[16,32] from the fractional derivative (defined in Appendix B.) model , where   

 

0
1, )1(n
n
n
xxE
  is 
the Mittag-Leffler function, 
1f
D and 
2f
D  are the fractional diffusion coefficients with units mβ/sα for fractal 
derivative and fractional derivative respectively, and 


t
tdtgtK
0
)()(   is the wavenumber [20,21].  The 
instantaneous signal attenuation method has also been applied to study PFG restricted isotropic free 
anomalous diffusion as well as restricted anomalous diffusion [32].   
In this paper, the instantaneous signal attenuation method was used to obtain theoretical signal 
attenuation expressions for free or restricted anisotropic fractional diffusions.  Two models including fractal 
derivative model [11,12] and fractional derivative model [13-15] were used.  The results from these two 
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models are complementary to each other [16,32,35]. At small signal attenuation, the results from these two 
models are approximately equal for all three types of anisotropic diffusions.  For space-fractional diffusion, 
the results from the two models are the same and agree with that reported by the modified fractional Bloch 
equation method [28].  The obtained anisotropic anomalous diffusion results can reduce to not only the 
reported isotropic anomalous diffusion result obtained from ISA and EPSDE methods [16,32], but also the 
reported anisotropic normal diffusion result [ 42 ].  Additionally, the free and restricted anisotropic 
curvilinear diffusions were analyzed by traditional methods, whose results agree with the results of PFG 
anisotropic anomalous diffusion based on the fractional derivative model.  The results here help us 
understand PFG anisotropic anomalous diffusion.  
2. Theory  
2.1. Brief introduction of ISA method [32] 
  The recently developed ISA method has been applied to describe PFG isotropic anomalous diffusion 
[32].  The ISA method is modified from the propagator approach for normal diffusion [43].  The fundamental 
idea of ISA approximation method is intuitive.  In a macroscopic sample with an enormous number of spin 
carriers, the phase difference of the spin carriers diffusing to the same location could be averaged out and 
could not be distinguished after mixing for every moment, which results in an instantaneous signal 
attenuation; the total signal attenuation is the cumulative results of the whole diffusion processes [32,43].  
 The ISA can be obtained by the following process [16]: first, obtain the signal attenuation by the short 
gradient pulse approximation; second, get the instantaneous signal attenuation ),,( tdtKa SGP   by 
),(/)',(),,( tKAdttKAtdtKa SGPSGPSGPSGPSGP  ,                                                         (1) 
where SGPA  is the signal attenuation under SGP approximation, and SGPK  is the wavenumber; third, by 
replacing SGPK   with time-dependent )( tK   , the instantaneous signal attenuation ),),(( tdttKa    can be 
obtained as 
),),((),,( )( tdttKatdtKa tKKSGP SGP  
 ,          (2a) 
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In Eq. (2b), )( tK   is treated as a ‘constant’ during the short time interval td  , which is reasonable because 
the instantaneous signal attenuation is caused by spatially averaging resulting from the diffusion process.  
The reason for this treatment is clear from the EPSDE method [16].  In the EPSDE method, at the time t, 
the accumulating phase shift change depends on )()( ztK  , where )(z —the small random displacement 
due to diffusion—is important and )()( ztK   is a neglectable second order change during the infinitesimal 
time interval, td   [32].   
The net signal attenuation including finite gradient width effect will be the cumulative product of all 
instantaneous signal attenuations, 
   


','0
),),(()(
dttt
tdttKatA .              (3) 
This method has been used to obtain the theoretical signal attenuation expressions for free fractional diffusion, 
restricted fractional diffusion and fractional diffusion with nonlinear field [32]. 
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 2.2. Free fractional diffusion 
2.2.1 General anisotropic fractional diffusion  
Here the ISA method [32] is used to analyze PFG anisotropic fractional diffusion with two models:  
the fractal derivative [11,12] and the fractional derivative [13-15] models.  
2.2.1.1 Fractal derivative model 
The fractal derivative model has been developed in 2006 by Chen [11,12].  In principal frame, the 
three-dimensional anisotropic anomalous diffusion may be written as  
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where the fractal derivative has been used (see Appendix A and references [11,12]), iifD 1 , zyxi  ,,   is the 
general fractional diffusion coefficient with units of  sm i / , and i  is the fractal derivative order. When 
1111 fzzfyyfxxf DDDD      and    zyx  , the anisotropic diffusion reduces to isotropic 
diffusion.  The strategy to solve Eq. (4) is like that used to solve one dimensional fractional diffusion equation 
in references [11].  Based on Refs. [11], by introducing  
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the following equation is obtained: 
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The solution of Eq. (6) is [44]  
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where the initial position of the self-diffusion is set at the origin of the coordinate system.  Substituting Eq. 
(5) into Eq. (7), after normalization, we get 
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where c is a normalization factor.  In Chen’s paper [11,12], the Fourier transform of the solution of one 
dimensional diffusion is    )exp()exp(,
1
 tkDdzikztzP zf 
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, based on which the signal attenuation 
under SGP approximation can be obtained as  
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where  iSGP gK  is the wavenumber, and gis the effective gradient in the principal-axis frame, which can 
be obtained by 
gg R ,                  (10) 
where g is the gradient vector in the observational reference frame, and R is the rotation matrix that rotates 
vectors or tensors from the observational reference frame to the principal frame.  Based on Eqs. (1)-(3), the 
signal attenuation including finite gradient width effect can be calculated as 
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where )(tK i  is the wavenumber in the principal frame, which is defined as 



t
ii tdtgtK 0 )()(  .               (12) 
When
1111 fzzfyyfxxf
DDDD    and    zyx , Eq. (11) reduces to the signal attenuation for 
an isotropic fractional diffusion  
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If the gradient is only applied in one dimension, Eq. (13) reduces to 
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which is the same as that obtained from the effective phase shift diffusion method [16] as well as the ISA 
method [32]. 
  Eq. (11) can be further written as  
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The attenuation can be rewritten as  
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For normal anisotropic diffusion, 2,1   ,  )t(K)tK()t(K  R , bb  , bb  , and Eqs. (17) 
and (18) reduce to normal anisotropic diffusion result [21,42] 
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2.2.1.2 Fractional derivative model 
The multiple-dimensional fractional diffusion has been studied by fractional derivative model in many 
references [29,40,41,45,46].  Based on Ref. [29,41,45], the anisotropic fractional diffusion equation may be 
written as 
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where ),,,( tkkkP zyx   is the probability density function in the zyx kkk   ,,  space.  The solution of Eq. (22) 
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The signal attenuation can be calculated as [16,20,21]  
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Based on Eqs. (1)-(3), the signal attenuation including the finite gradient pulse width effect will be 
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,, 0
1, 2 


zyxi
t
iiif tdtKDEtA i

 .                    (25) 
Similarly, Eq. (25) can be reduced to give a signal attenuation expression for isotropic three-dimensional 
diffusion, which is 
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 .            (26) 
If the gradient is only applied in one dimension, Eq. (26) reduces to 







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 
t
f tdtKDEtA
0
1, )()( 2

 ,             (27) 
which reproduces the ISA method result in Ref. [32].  
Comparing Eq. (26) with Eq. (11), we can see that the difference between the results from the fractional 
derivative and the fractal derivative is the attenuation function.  One is a stretched exponential function.  
The other is a Mittag-Leffler function.  The two terms  


zyxi
t
iiif tdtKD i
,, 0
)(
1
   and 
 


zyxi
t
iiif tdtKD i
,, 0
)(
2
 are similar for these two attenuation expressions. Eq. (26) can be further written 
in diffusion tensor form as  
):(
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0
1,
1,
0
1,
f
f
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Db*
)t(KD)t(K
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E
tdRRE
EtdEtA
t
t
,        (28) 
where )t(K  , b  and *b are the same as these defined in subsection 2.2.1.1 for fractal derivative model.  
When 
2
: fD*b  is small, Eq. (28) reduces to 
 
 
Guoxing Lin, PFG signal attenuation of anisotropic anomalous diffusion    8 
 
 )1(/:exp):()(
221,
  ff D*bD*bEtA .          (29) 
which reproduces fractal derivative result Eq. (15) if we could set 
)1(/
21
 ff DD .               (30) 
2.2.2 Anisotropic time-fractional diffusion 
For a time-only anisotropic fractional diffusion, it has  20  , and 2i , zyxi  ,, , from Eqs. 
(11) and (25), the PFG signal attenuation will be 












































 
 


derivativefractionalEEtdtkDE
derivativefractaltdtkD
tA
tt
zyxi
t
iiif
tt
zyxi
t
iiif
,):():()(
,):exp():exp()(exp
)(
222
1
1,1,
,, 0
2
1,
,, 0
2
ff
ff
D*bD*b
D*bD*b
11




,  
                   (31) 
where  
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,              (32) 
where )tK()t(K ~ is the same as that of anisotropic normal diffusion, which is reasonable as both time-
fractional diffusion and normal diffusion have 2 . 
2.2.3 Anisotropic space-fractional diffusion 
For a space-fractional diffusion, 1  , and zyxii  ,,,20   .  When 1  , )exp()(1,1 xxE 
therefore, the signal attenuations from fractal derivative and fractional derivative are the same, which is 
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21
 .           (33) 
For the pulsed gradient spin echo (PGSE) and the pulsed gradient stimulated-echo (PGSTE) experiments 
[17,20,21] as shown in Fig. 1, Eq. (33) can be easily integrated as 
 








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 zyxi i
i
iiif
i
or
gDtA
,,
)
1
1(exp)(
21


  ,          (34) 
which reproduces the result obtained by modified Bloch equations [40,41].   
2.3. Restricted time fractional diffusion  
Restricted isotropic time-fractional diffusion has been studied in several reports [47, 48, 49]. The PFG 
signal attenuation expressions of restricted isotropic fractional diffusion have been obtained in different 
geometries such as plate, sphere and cylinder [35].  These restricted fractional diffusions could exist in 
confined polymer systems. Many polymer systems have anisotropic behavior.  Hence, it may be necessary to 
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develop some theory treatments for PFG signal attenuation of restricted anisotropic anomalous diffusion; 
furthermore, a good starting point may be to investigate the simple restricted anisotropic fractional diffusion, 
diffusion within a box with reflecting boundaries.  
Based on fractal derivative, the anisotropic time-fractional diffusion may be described by  
P
z
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,        (35) 
while from fractional derivative, it may be described by  
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The reflecting boundary condition for Eqs. (35) and (36) is 
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where zyxiai  ,,',  is the distance between the parallel surfaces of the box along i direction in the 
principal frame.  The separation of variables method can be used to solve the time-fractional diffusion 
equations [1,2,35,46].  The probability density function by separating variable method can be set as 

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0 0 0
,, )()()()(
l m n
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where )()()( zryrxr nml  is the spatial function and has been obtained in Ref. [46], which is 
)cos()cos()cos()cos()cos()cos(2)()()( 000
)( 000
z
a
nz
a
ny
a
my
a
mx
a
lx
a
l
aaa
zryrxr
zzyyxxzyx
nml
nml


 
, 
(39) 
where 
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The PFG signal attenuation for PGSE or PGSTE experiments will be 
 
 
Guoxing Lin, PFG signal attenuation of anisotropic anomalous diffusion    10 
 
 
     222222222
0 0 0
,,
2
)()(
)cos()1(1
)()(
)cos()1(1
)()(
)cos()1(1
)()()exp()(







nag
ag
mag
ag
lag
ag
hhhtTagagagVdiPtA
zz
zz
n
yy
yy
m
xx
xx
l
nml
l m n
nmlzzyyxx























 rg
,  
                  (41) 
where 






0,4
0,2
i
i
hi .  Eq. (41) can be reduced to the reported one-dimensional restricted time-fractional 
diffusion, namely restricted anomalous diffusion within a plate in Ref. [35].  In restricted time-fractional 
diffusion, the spatial dependence of the net signal attenuation is the same as that in normal diffusion, which 
is very reasonable as 2  for both normal and time-fractional diffusion.  When 2,1   , the Mittag-
Leffler function reduces to an exponential function, and restricted fractional reduces to restricted normal 
diffusion.   
2.4 Anisotropic curvilinear diffusion 
In the above, both the PFG signal attenuation expressions for free and restricted anisotropic fractional 
diffusions were derived, which may be abstract.  In this part, more realistic examples, the PFG curvilinear 
diffusions will be analyzed to help our understanding of PFG anisotropic fractional diffusion.  In polymer 
systems, the curvilinear diffusion could be either the Brownian motion of chain segments or a small 
penetrant (molecule or ion) diffusing along a polymer chain [ 50 ].  The free and restricted isotropic 
curvilinear diffusions have been analyzed by traditional methods in Refs. [4,23,35].  The similar method 
will be used to analyze PFG anisotropic curvilinear diffusion, which may result from anisotropic chain 
structure or anisotropic penetrant diffusion constant.  For simplicity, penetrant with an isotropic diffusion 
constant diffusing along an anisotropic chain with three different segment lengths  zyxii  ,,, will be 
considered here.  
In polymer or biological system, a small molecule or ion may prefer to move along a certain curvilinear 
path.  For example, in a blend of poly(methyl methacrylate) (PMMA) and poly(ethylene oxide) (PEO), PEO 
chain provides a fast path for diethyl ether to diffuse [51 ];  in PEO-based polymer electrolytes for 
rechargeable batteries, the lithium ion hops and ‘slides’ along PEO backbone [52].  When a small penetrant 
molecule diffuses along an ideal and infinitely long polymer chain (for simplicity, it is assumed to be 
immobile as the polymer chain motion is much slower than penetrant), at time Δ, the penetrant distribution 
probability on the chain can be described as 
 
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
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 0
2
0
4
exp
4
1
D
N
D


,               (42) 
where N is the number of segments away from the starting segment, 


zyxi
i
,,
 is the average segment 
length (it is safe to assume that zyxiNN i  ,,,3/ when N is big enough.), and D0 is the local penetrant 
diffusion constant along the chain without being affected by the chain folding [35].  The differences of 
segment length among different directions could result from stretching or compressing of polymer material, 
which could lead to an anisotropic diffusion (Other possible mechanisms may be proposed for anisotropic 
diffusion).  The probability distribution for the end to end distance of a freely folding chain can be viewed 
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as a result of a virtual diffusion [35], which has jump lengths i  , zyxi  ,,  and a jump time jumpt  
arbitrarily set to one. The virtual diffusion coefficient siiD  and the diffusion time   will be    
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Such a virtual free normal diffusion has an anisotropic Gaussian probability density function [44]   
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The PFG signal attenuation for free curvilinear diffusion will be  
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From Eq. (45), we get 
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 If the anisotropic freely folding chain is confined in a specific structure, the probability distribution 
function can be obtained similarly by a restricted virtual diffusion with some approximations: the excluded 
volume effect [53] is neglected and the two segments meet and reflect at the same point of the boundary 
are still connected rather than broken.  The anisotropic restricted virtual diffusion has 
6
2
i
siiD
  and 
diffusion time N , which are the same as that in free virtual diffusion.  The possibility distribution 
function ),|( rr sP  can be obtained by eigenfunction expansion [1,2,35]  
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where )()()( zryrxr nml  is the spatial function for restricted anisotropic normal diffusion. The penetrant 
probability distribution function will be 
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Again, we have 
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 which is the same as that in Eq. (46).  The PFG signal attenuation of a penetrant diffusion in a confined 
polymer structure will be 
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where  
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 and  
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rr,
rrrrKr ddizryrxrzXyXxX nmlnml )()(exp()()()()0,()()()(  .      (52) 
 Eq. (50) is a specific case of restricted anisotropic fractional diffusion based on the fractional derivative 
model with 2/1  and zyxiDD iiif 

 ,,,
3
2
0
2 
 .  Thus, the PFG curvilinear diffusion results 
obtained from the conventional methods of normal diffusion agree with the results from the PFG fractional 
diffusion based on the fractional derivative model.  The above derivation is based on an anisotropic 
Gaussian diffusion along an ideal anisotropic Gaussian chain.  In real polymer systems, many factors such 
as the excluded volume effect, the structure and size of the chain, and the hopping of penetrant between 
different chains will affect the diffusion and could make the time and space derivative parameters deviate 
from 2/1  and 2  for a Gaussian diffusion along an ideal Gaussian chain.    
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4. Results and Discussion 
Table 1.  Comparison of the signal attenuation of anisotropic anomalous diffusion obtained from the ISA 
method with that from other methods.  
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**a,b  the integration has been obtained in Ref. [16] for isotropic anomalous diffusion;  jf stands for 1f  or
2f ; B(x,y) and B(x;a,b) are Beta function and incomplete Beta function, respectively.  
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Other methods 
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The general PFG signal attenuation expressions for free anisotropic anomalous diffusion were obtained 
by the instantaneous signal attenuation method based on the fractal and fractional derivative models. The 
method was also used to investigate the restricted anisotropic anomalous diffusion in a box structure.  Some 
of the obtained results were summarized and compared with these obtained from other methods in Table 1.  
From Table 1, the anisotropic anomalous diffusion result can be reduced to reported anisotropic normal 
diffusion result when time derivative order 1  and space derivative order 2  .  The anisotropic 
anomalous diffusion result can also be reduced to reported isotropic anomalous diffusion result when 
iiii fzzfyyfxxf
DDDD    and    zyx .  The results of space-fractional diffusion agree with 
that obtained by the modified Bloch equation method [40].  Fig. 2 demonstrates different types of anisotropic 
anomalous diffusions and their signal attenuation expressions. The anisotropic normal diffusion is a single 
point in this figure and may be view as a specific case of the anisotropic fractional diffusion. 
The two different types of attenuations, stretched exponential function (SEF) and Mittag-Leffler 
function (MLF) attenuations, have similarities and differences as shown in Fig. 3. At small signal attenuation, 
the MLF can be approximated as an SEF, while at large signal attenuation, they are significantly different.  
For subdiffusion as shown in Fig. 3a,     0,exp1,  xxxE , which means that the MLF attenuates more 
slowly than the SEF.  While, for superdiffusion as shown in Fig 3b,    xxE  exp1,  at small x values, 
then  xE 1,  oscillates between positive and negative values at large x values, which still has no clear 
explanation now.  It may be due to the fat-tailed probability density function.  Fig. 3c and 3d show that the 
dependences of signal attenuation plotted in logarithm scale upon  2g  are different between the Mittag-
Leffler function attenuation and the stretched exponential attenuation. The Mittag-Leffler function 
attenuation is nonlinearly dependent upon g  while the stretched exponential is linearly dependent upon g .    
In section 2.4, the derived PFG signal attenuation expressions of anisotropic curvilinear diffusion 
based on conventional method [4] agree with the PFG signal attenuation of anisotropic anomalous diffusion 
based on the fractional derivative model.  The PFG anisotropic curvilinear diffusion can be viewed as a 
specific case of anisotropic anomalous diffusion with 2/1 and 2 , which is like that in isotropic 
curvilinear diffusion reported in Ref. [35].  For a non-ideal curvilinear diffusion,  the penetrant diffusion may 
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not be Gaussian, and the polymer chain may not be a Gaussian chain.   Additionally other complications such 
as excluded volume effect, penetrant hopping between different polymer chain may make the curvilinear 
diffusion have 2/1 and 2 . 
  Under SGP approximation, the PFG signal attenuation for PGSE and PGSTE experiments from Eqs 
(11) and (25) is 
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In the real material, the anisotropic anomalous diffusion may have   fyyfxxf DDD  and ||fzzf DD   .  If 
the gradient field is applied in only one direction such as z direction and the angle between the z direction 
and the principal axes z   is , from Eq. (53), the PFG signal attenuation will be  
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 The averaging over all angles will give [20] 
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SGP .             (55) 
The similar expression to Eq. (55) has been reported in anisotropic normal diffusion in Ref. [20].  From the 
calculation result of Ref. [20], for the fractal derivative model, Eq. (55) can be further simplified as 
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  .    (56) 
Similarly to anisotropic normal diffusion, the Eqs. (54)-(56) can be used to determine the dimension of the 
structure.  For instance, if penetrant molecules such as water or small organic molecules diffusing in some 
materials are investigated, the symmetry of materials could be a “one-dimensional” or “capillary” and 
||11 ff
DD 

, the attenuation will be 
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  
1
0
2
||1, 1
||)(exp),( dxxtDgtA fDSGP
 .           (57) 
While, if the symmetry is a “two-dimensional” or “lamellar” and ||11 ff DD  , the attenuation will be 
      
1
0
2
2, 11
)(exp)(exp)( dxxDtgtDgtA ffDSGP
  .       (58) 
The curves of (ASGP(t)) plotted on a logarithmic scale versus  tg )(  will have significant difference 
among )(1, tA DSGP  , )(2, tA DSGP  , and )(3, tA DSGP  as shown in Fig. 4.  From Fig. 4, the curve of the one-
dimensional anisotropic fractional diffusion signal attenuation )(1, tA DSGP  plotted on a logarithmic scale has 
biggest bending among the three curves )(1, tA DSGP , )(2, tA DSGP , and )(3, tA DSGP . The curve of   )(3, tA DSGP  
from the fractal derivative model plotted on a logarithmic scale has a linearly dependent upon  tg )( . 
Again, the Mittag-Leffler function attenuation is different from the stretched exponential attenuation in Fig. 
4.     
           For the restricted anomalous diffusion, the ISA method is very simple. The other methods for PFG 
normal restricted diffusion may be extended to study restricted anomalous diffusion. For instance, the 
multiple-narrow-pulse approximation [54] method, which is a different kind of propagator method that can 
be described as 
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 where  )()(),( 11 jjjjj txtttxP   is the propagator for a particle moving from )( jtx  to )( 1jtx  during jt  to 
1jt , and the total time is divided by 2n+1 periods including 2n small gradient impulses and the diffusion 
delay. The multiple-narrow-pulse approximation method [54] calculates the total signal attenuation by 
averaging over all possible phase pathways describing by 
12
)()(2
n
j
jjj txdttg , which is significantly 
different propagator method from the ISA method in which the total signal attenuation is the 
accumulation of the instantaneous signal attenuation in each small interval.    The evaluation of Eq. (59) 
is more complicated, but should provide an important way to calculate the PFG restricted anomalous 
diffusion, which will be studied in future.   
          The ISA method is simple. The fundamental basis of ISA method is that diffusion is a cumulative 
process. For free normal diffusion, the cumulative process can be viewed as a cumulative product of 
instantaneous signal attenuation of each interval. For free anomalous diffusion, the change of the PFG 
signal intensity after a specific interval could be increasing rather than attenuating such as that in a 
certain situation of supper diffusion shown in Fig. 3b, therefore, the “attenuation” in the name of 
instantaneous signal attenuation method may lead to confusion.  The ISA method may be called as 
diffusion cumulative process method.      Under SGP approximation, such a cumulative process gives 
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the same signal attenuation expressions as that obtained by SGP approximation. When the FGPW effect 
is considered, for free normal diffusion, the ISA method reproduces the well-known result 





 
i
ii gD )3/(exp
222  . While, for free and restricted anomalous diffusion, at small   / , the 
ISA method should be a good approximation based on the comparison with 1D CTRW simulation [32]. 
The 3D CTRW simulation will be performed in future.   
The PFG anisotropic anomalous diffusion results provide new formalisms for PFG anomalous 
diffusion studies in NMR and MRI, which can potentially be applied in Diffusion tensor imaging (DTI) [55].  
The DTI,  has been extensively used in MRI for studying brain tissues, muscles and so on, and the current 
DTI studies are based on PFG anisotropic or isotropic normal diffusion [54]. The introducing of free and 
restricted anisotropic anomalous diffusions could provide additional insights in those studies.   
 
 
Appendix A. Definition of fractal derivative from reference [11-12].  
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Appendix B. Definition of fractional derivative [3,13-15]. 
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Figure Legends 
 
 
 
Fig. 1  (a) PGSE pulse sequences with gradient pulses of finite length, (b) PGSTE pulse sequence with 
gradient pulse of finite length . 
 
Fig. 2.  The dependence of signal attenuations of different types of PFG anisotropic fractional diffusions 
upon the time and space derivative parameters   and . 
Fig. 3.  Comparison Mittag-Leffler function attenuation with stretched exponential attenuation: (a) signal 
attenuation versus    for subdiffusion with 2,8.0    , 0  yx gg  and zg   =30 gauss/cm,  (b) 
signal attenuation versus   for superdiffusion with 2,5.1   , 0  yx gg and zg  =30 gauss/cm, (c)  
signal attenuation versus 2g  at small / for subdiffusion with 2,8.0   , 0  yx gg and varying
zg  , (d) signal attenuation versus 2g  at big / for subdiffusion with 2,8.0   , 0  yx gg and 
varying zg  . The diffusion coefficients are zzfyyfxxf DDD   111 1.38e-9 × 10
-9 mβ/sα . 
 
Fig. 4.  Comparison PFG signal attenuation of 1D, 2D and 3D anisotropic fractional diffusion: (a) stretched 
exponential attenuation, the values for ( IIfD 1 , 1fD ) are ( 015.3 fD , 0
6
1
10 fD

), ( 0
6
1
10 fD

, 01fD ) and ( 015.0 fD ,
01
5.0 fD ) for 1D, 2D and 3D respectively, (b) Mittag-Leffler function attenuation, the values for ( IIfD 1 , 1fD ) 
are ( 025.3 fD , 0
6
2
10 fD

), ( 0
6
2
10 fD

, 02fD ) and ( 025.0 D , 025.0 fD ) for 1D, 2D and 3D respectively, (c)both 
stretched exponential attenuation and Mittag-Leffler function attenuation, the values for ( IIf iD , ifD ) are 
( 0ifD , 0
610
if
D ), ( 0
610
if
D , 0ifD ), ( 0ifD , 0ifD ) and ( 0ifD , 02 ifD ), where 0ifD represents 01fD or 02fD . 
Other parameters used are 5.1,7.0    and   100 12 ff DD = 6.57 × 10-7 mβ/sα. 
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